Introduction
Decomposition of graphs into induced k-cycles is perhaps first introduced in this paper. In 2007, Artes and Luga [1] introduced the concept of induced m-path decomposability number of graphs. They have generated results on the induced m-path decomposability number of graphs resulting from the join and the corona of two graphs. Moreover, they established that for every pair of positive integers n and k where k is at most n and n divisible by k, there exists a graph G of order n whose induced m-path decomposability number exactly equal to k.
Given a cyclic graph G of order n and k ≥ 3 be a positive integer. An induced k-cycle of G of order k is a cycle in G of order k induced by a subset of V (G).A subset S of V (G) is an induced k-cycle decomposable set if S can be partitioned into subsets each of which induces a k-cycle in G. That is, there exists a collection C = {S 1 , S 2 , S 3 , ..., S r } of subsets of S such that S i is a k-cycle in G for each i = 1, 2, 3, ..., r, S i ∩ S j = ∅ for i = j, and
For convenience, whenever a graph G has no cycle of order k, we define its k-cycle decomposability number to be equal to 0.
Preliminary Results and Some Characterizations
This section presents some preliminary results and basic properties which will be useful in establishing the induced k-cycle decomposability number of some graphs.
The following remark follows directly from the definition of the induced k-cycle decomposability number of a graph.
Theorem 2.1 Let G be a graph of order n ≥ 3. Then
The following theorem characterizes all graphs whose induced k-cycle decomposability number equal to its order. Theorem 2.2 Let G be a graph of order n and k be a positive integer such that 3 ≤ k ≤ n. Then Γ k (G) = n if and only if V (G) = n is a k-cycle decomposable set.
Proof : Assume that Γ k (G) = n. Then n is the cardinality of the maximum k-cycle decomposable subset of V (G). Thus, S = V (G) is an induced k-cycle decomposable set.
A direct consequence of Theorem 2.2 is obtained when k = n. Corollary 2.3 Let G be a graph of order n. Then, Γ n (G) = n if and only if G is a cycle.
Proof : Let G be a graph of order n. If Γ n (G) = n, then V (G) is an induced n-cycle decomposable set by Theorem 2.2. Moreover, the only decomposition of V (G) into induced n-cycle is the collection C = {V (G)}. Hence, V (G) must be the cycle of order n.
Conversely, assume that G is a cycle. Let S = V (G) = V (C n ). Then S is an induced n-cycle decomposable set. Thus, Γ n (G) ≥ |S| = |V (G)| = n. By Theorem 2.1, Γ n (G) ≤ n. Accordingly, Γ n (G) = n.
The existence of a connected graph G of order n whose induced k-cycle decomposability number equal to n is formally stated in the following theorem.
Theorem 2.4 For every pair of positive integers n and k where 3 ≤ k ≤ n and k divides n, there exists a connected graph G of order n such that Γ k (G) = n.
Proof : Let k be a positive integer such that 3 ≤ k ≤ n. Since k divides n, there exist r ∈ Z such that n = rk. Construct r disjoint cycles each of order k. Let G be the graph obtained by adding edges to connect these cycles in a series. Then V (G) is an induced k-cycle decomposable set. Hence, by Theorem 2.2, Γ n (G) = n The next result establishes the relationship between the induced k-cycle decomposability number of a graph and the induced k-cycle decomposability number of its subgraph.
Theorem 2.5 Let
Proof : Let S G and S H be the induced k-cycle decomposable subsets of V (G) and
The following section establishes the induced k-cycle decomposability number of cycles and complete graphs.
Decomposability Number of Cycles and Complete Graphs
The induced k-cycle decomposability number of cycles is established in the following theorem.
Theorem 2.6 Let n ≥ 3 be a positive integer. Then,
It is clear that C n has no cycle of order less than k. By convention, for 3 ≤ k < n, Γ k (C n ) = 0.
For the complete graph K n , its induced k-cycle decomposability number is given in the following theorem.
Theorem 2.7 For every n ≥ 3,
Proof : Let V (K n ) = {v 1 , v 2 , . . . , v n }. Then a subset S of V (K n ) induces a cycle in V (K n ) if and only if |S| = 3. Hence, Γ k (K n ) = 0 by convention whenever k = 3. For k = 3, let S be the union of disjoint 3-subsets of V (G). Then S is a 3-cycle decomposable set. Thus, Γ 3 (K n ) ≥ 3 n 3
. If 3 divides n, then by Theorem 2.4, Γ 3 (K n ) = n. Otherwise, Γ 3 (K n ) ≤ 3 n 3
. Accordingly, Γ 3 (K n ) = 3 n 3
.
